Abstract. All integer solutions (M, a, c) to the problem of the sums of M consecutive cubed integers (a + i) 3 (a > 1, 0 ≤ i ≤ M − 1) equaling squared integers c 2 are found by decomposing the product of the difference and sum of the triangular numbers of (a + M − 1) and (a − 1) in the product of their greatest common divisor g and remaining square factors δ 2 and σ 2 , yielding c = gδσ. Further, the condition that g must be integer for several particular and general cases yield generalized Pell equations whose solutions allow to find all integer solutions (M, a, c) showing that these solutions appear recurrently. In particular, it is found that there always exist at least one solution for the cases of all odd values of M , of all odd integer square values of a, and of all even values of M equal to twice an integer square.
Introduction
It is known since long that the sum of M consecutive cubed positive integers starting from 1 equals the square of the sum of the M consecutive integers, which itself equals the triangular number △ M of the number of terms M , (1.1)
for ∀M ∈ Z + . The question whether this remarkable result can be extended to other integer values of the starting point, i.e. whether the sum of consecutive cubed positive integers starting from a = 1 is also a perfect square has been addressed by several authors but has received so far only partial answers. With the notation of this paper, Lucas stated [15] that the only solutions for M = 5 are a = 0, 1, 96 and 118 (missing the solution a = 25, see further Table 1 ), and that there are no other solutions for M = 2 than a = 1. Aubry showed [1] that a solution for M = 3 is a = 23, c = 204, correcting Lucas' statement that there are no other solution for M = 3 than a = 1. Other historical accounts can be found in [7] . Cassels proved [3] by using the method of finding all integral points on a given curve of genus 1 y 2 = 3x x 2 + 2 (with x = a + 1, y = c in this paper notations), that the only solutions for M = 3 are a = −1, 0, 1 and 23. Stroeker obtained [37] complete solutions for 2 ≤ M ≤ 50 and M = 98, using estimates of lower bound of linear forms in elliptic logarithms to solve elliptic curve equations of the form Y 2 = X 3 + dX where d = n 2 n 2 − 1 /4, X = nx + n (n − 1) /2, Y = ny (with n = M , x = a, y = c in this paper notations). The method reported, although powerful, appears long and difficult and caused some problems for the cases M = 41 and 44. Stroeker remarked also that M = a = 33 with c = 2079 = 33 × 63. This is not the single occurrence of M = a, as it occurs also for M = a = 2017, 124993, 7747521, ... (see [24, 25] ). One of the reasons that these previous attempts to find all solutions (M, a, c) to (1.2) were only partially successful was most likely due to the approach taken to start the search for solutions for single values of M , one by one and in an increasing order of M values. The method proposed in this paper is to tackle the problem in a different way and instead of looking at each individual values of M one by one, to consider the problem in a more global approach by comparing different sets of known solutions, and instead of listing solutions in increasing order of M values, to look at two other parameters, δ and σ, defined further. This new beginning then leads to a more classical approach using general solutions of Pell equations, that allows to find all solutions in (M, a, c) of (1.2) for all possible cases. Note that Pell equations were already used previously by various authors (e.g. Catalan [4, 5] , Cantor [2] , Richaud [34] ) in the 19th century in attempts to solve the present problem, albeit without reaching a complete resolution of the problem. The approach proposed in this paper includes three steps.
Step 1 in Section 2 is based on the decomposition of the product of the difference ∆ and the sum Σ of the two triangular numbers of (a + M − 1) and (a − 1) in simple factors, g, δ, σ where g = gcd (∆, Σ), allowing to find general expressions of a and c in function of M, δ and σ that are always solutions of (1.2). In step 2 in Section 3, some conditions on δ and σ are explored to obtain three particular cases of solutions yielding specific expressions of M in function of k, ∀k ∈ Z + , including the case of M taking all odd positive integer values. Section 4 recalls some basics on Pell equation solutions to introduce the third step. In step 3 in Section 5, a general solution in (M, a, c) is found for all values of δ and σ, based on solutions of simple and generalized Pell equations involving Chebyshev polynomials, allowing to find all the solutions in (M, a, c) to (1.2). As an alternative to step 3, recurrence relations are deduced in Section 6. Section 7 summarizes all findings. Trivial solutions are not considered here. For instance, M ≤ 0 is meaningless; for M = 1, the only solution is obviously a = α 2 , yielding (M, a, c) = 1, α 2 , α 3 ; therefore, we consider only M > 1. If a < 0, there are no solutions if
, i.e. a shift of the first term from a negative value a to a positive value (1 − a) with a reduction of the number of terms (M + 2a − 1). If a = 0 or 1, the classical solutions (1.1)
M . Therefore, we limit our search to solutions for M > 1 and a > 1.
2.
Step 1: A General theorem
, the sum of cubes of M consecutive integers (a + i) for i = 0 to M − 1 can be written successively as
where ∆ = △ a+M−1 − △ a−1 and Σ = △ a+M−1 + △ a−1 , i.e. the difference and the sum of the triangular numbers of (a + M − 1) and (a − 1), with obviously ∆ < Σ, that can also be written
and as ∆ ′ and Σ ′ are coprimes and their product must be square, both must be integer squares, i.e. ∆ ′ = δ 2 and Σ ′ = σ 2 , with gcd (δ, σ) = 1 and δ < σ, yielding (2.10) c = gδσ From (2.8) and (2.9), one has then respectively
where the + sign is taken in front of the square root in (2.12) as 2a + M > 1. Solving for g yields then
Replacing in (2.11) or (2.12) yields then directly (2.2) and in (2.10) yields directly (2.3).
3.
Step 2: Three Particular Solutions and a Generalization
For which values of M does (2.1) hold ? Answers can be found for at least three particular cases. Other general approaches are developed further. 
those odd values of a equal to odd integer squares have at least one entry (e.g. for M = 17 in Table 1 ) with g = (a − 1) /8, δ = (2a − 1) and σ = (2a + 1), yielding c = (a − 1) 4a
(iii) those even values of M equal to twice an integer square have at least one entry (in italics in Table 1 ) with
with a = △ M−1 . These three cases can be generalized respectively to all odd values of M , to all odd integer square values of a = (2k + 1)
2 , and to all even values of M equal to twice integer squares in the following (iii) if δ = 1 and σ = k with k > 1 and
For the polynomial in δ under the square root sign to be a square, let
where δ was replaced by 2M . As g ∈ Z + , M cannot be even and must be odd, i.e. M = 2k
For the polynomial in δ under the square root sign to be a square, let M = qδ and δ = 8q(q + 1) + 1 with q ∈ Q + . It yields then q 2 (δ + 2)
. Replacing in (2.11) and (2.10) yields (3.6) and (3.9) . Replacing k in function of a from (3.6) yields also (3.8) and (3.10). (iii) Let δ = 1 and σ = k with k > 1. Then (2.13) reads
Replacing in (2.11) and (2.10) yields directly (3.12) to (3.15).
The case (i) of Theorem 2 confirms the statement of Stroeker ([37] , p. 297) about all odd values of M (in bold in Table 1 ) having a solution to (2.1). The first 50 000 values of (M, a, c) for this case (i) are given in [28, 29] For the case (ii) of Theorem 2, Table 2 gives the first five values of M, a, g, δ, σ and c. The first 50 000 values of (M, a, c) for this case (ii) are given in [30, 31] . As there exist other triplets of values of (M, a, c) such that (2.1) holds with M = kδ for the same value of g = ∆ k , the case (ii) of Theorem 2 can be generalized to other values of a as follows. Table 3 shows some of these values for 1 ≤ k ≤ 2 and 1 < M n , a n < 10 5 and indexed by n for increasing values of M n . Table 3 . Values of M n , a n , g, δ n , σ n , c n for 1 ≤ k ≤ 2 and 1 < M n , a n < 10 It is easily seen from Table 3 that, for each value of k,
with σ 0 = δ 0 = 1, yielding the recurrence relations .22) i.e. δ n and σ n fulfill the Diophantine equation
The general solutions of this Diophantine equation can be expressed in function of Chebyshev polynomials of the second kind U n (2k + 1) 2 as
These results are generalized for all k and n ∈ Z + in the next
For the polynomial in δ n under the square root sign to be a square, let M n = kδ n , yielding after simplification g = k (k + 1) /2 = △ k . Replacing further in (2.2) and (2.10) yields (3.27) and (3.29) . Replacing further δ n by (3.23) yields (3.26) and (3.28) . Replacing δ n and σ n in (2.10) yields (3.30), noting that δ n σ n = U 2 n (2k + 1) 2 − U 2 n−1 (2k + 1) 2 = U 2n (2k + 1) 2 as can be shown by replacing U 2 n (x) and U 2 n−1 (x) in function of Chebyshev polynomials of the first kind, respectively T 2n+2 (x) and T 2n (x) (see e.g. [36] ) and simplifying appropriately.
For the case (iii) of Theorem 2, the first 50 000 values of (M, a, c) are given in [32] . There exist also other triplets of values of (M, a, c) such that (2.1) holds with δ = 1 and σ = k. Table 4 shows some of these values for 1 < k ≤ 5 and 1 < M n , a n < 10 [7, 14, 38, 13] ) and are treated in several classical text books (see e.g. [20, 21, 39, 11] and references therein). A simple reminder is given here and further details can be found in the references. Table 4 . Values of M n , a n , g n , c n with δ = 1 and σ = k for 1 < k ≤ 5 and 1 < M n , a n < 10
which has, beside the trivial solution (X 0 , Y 0 ) = (1, 0), a whole infinite branch of solutions ∀n ∈ Z + given by
where (X 1 , Y 1 ) is the fundamental solution to (4.2), i.e. the smallest integer solution different from the trivial solution (X 1 > 1, Y 1 > 0, ∈ Z + ). Among the five methods listed by Robertson [35] to find the fundamental solution (X 1 , Y 1 ), the classical method based on the continued fraction expansion of the quadratic irrational √ D introduced by Lagrange [12] is at the core of several other methods. It can be summarized as follows. One computes the r th convergent (p r /q r ) of the continued fraction [α 0 ; α 1 , ..., α r , α r+1 , ...] of √ D which becomes periodic after the following
and with α 0 = √ D i.e. the greatest integer ≤ √ D . The terms p i and q i can be found by the recurrence relations (4.5) [20, 18] , will be used further. Noting now (x f , y f ) the fundamental solutions of the related simple Pell equation (4.3), the other solutions (X n , Y n ) can be found from the fundamental solution(s) by
for a proper choice of sign ± [35] , or by the recurrence relations
that can also be written as
or in function of Chebyshev's polynomials of the first kind T n−1 (x f ) and of the second kind U n−2 (x f ) evaluated at x f (see [23] ) 
(which is also valid for the simple Pell equation (4.2) with η = 1). Note however that not all solutions in (X, Y ) may be found in this way (see e.g. [39] ) and, depending on the value of D, other fundamental solutions may exist.
Step 3: A More General Approach
The three cases of Theorem 2 can now be generalized as shown in the next theorem, that includes also the general method to find all solutions (M, a, c) such that (2.1) holds.
as (2.1) holds with
where (x f , y f ) and (X Proof. Let n, M, M n , a, a n , c, c n , σ, δ, 
which is a generalized Pell equation that always admits at least one fundamental solution as the right hand term is a squared integer. Noting (x f , y f ) the fundamental solutions of the simple Pell equation (4.2) Note that, although (5.1) yields all integer solutions in M to (5.6), some of them do not yield integer solutions to a n (5.2) and c n (5.3) and must be rejected. For δ = 1, (5.6) is a simple Pell equation similar to (4.2). It is easy to see that its fundamental solution is (x f , y f ) = σ 2 , 1 (see e.g. [22] ). (5.6) admits then an infinitude of solutions ∀n ∈ Z + for each integer value of σ, that can be written as ((4.3), (4.4)) or ((4.13), (4.14)), yielding C n = T n σ 2 and
where the relation U n σ 2 = T n σ 2 + σ 2 U n−1 σ 2 (see e.g. [36] ) was used in (5.9) and (5.10). Note as well that g n = U n σ 2 U n−1 σ 2 /2 as can be found from (2.10) or (2.11). This generalizes the case (iii) of Theorem 2 and gives an infinitude of solutions (M n , a n , c n ) ∀n ∈ Z + for δ = 1 and for each value of σ, ∀σ ∈ Z + . For δ > 1, three of the fundamental solutions are always (X 1 , Y 1 ) = δ 2 , 0 and σ 2 , ±1 , corresponding to respectively (C, M ) = (1, 0) and σ 2 /δ 2 , ±1 . Depending on the value of D = σ 4 − δ 4 , other fundamental solutions may exist. All solutions in M can then be found by (5.
, and ∀n ∈ Z * for other fundamental solutions. Furthermore, solutions found for (X 1 , Y 1 ) = σ 2 , −1 and δ 2 , 0 yield integer values for M n , a n and c n , while the solutions found for (X 1 , Y 1 ) = σ 2 , 1 , although yielding integer values of M n , do not yield integer values for a n and c n , as can be seen easily from (5.2) and (5.3), and must be rejected, although these non-integer values satisfy (2.1). Relations (5.7) and (5.1) to (5.
Note that the solutions (5.11) to (5.13) found for (X 1 , Y 1 ) = σ 2 , −1 are smaller than those (5.14) to (5.16) found for (X 1 , Y 1 ) = δ 2 , 0 for a same value of n ≥ 1. [33] ) with the + (respectively −) sign in (5.17) for g = △ M (resp. △ M−1 ) and vertical bars denote the absolute value. Values of (x f , y f ) and (X 1 , Y 1 ) from [17] yielding solutions (M n , a n , c n ) for the first values of M , 1 < M ≤ 45 and 1 < a < 10 5 of Table 1 can be found in [33] . For the case (i) of Theorem 2 with M = (2k + 1), g = M 2 − 1 /4, δ = 2M and σ = 2M
2 − 1 , one of the other fundamental solutions is always
as can be easily verified. More generally, all solutions for this case can be found by (3.1) to (3.5). For the case (ii) of Theorem 2 with a = (2k + 1)
, one of the other fundamental solutions is always known and can be expressed in function of δ, k or a as
Recurrent Relations
The sets of solutions (M n , a n , c n ) are obviously not independent. As (5.1) to (5.3) are linear combinations of Chebyshev polynomials, one has also the general recurrence relations
among values of M n , a n , c n calculated for the same fundamental solutions (X 1 , Y 1 ). These relations are immediate from (5.1) to (5.3) and the recurrence and other formulas for Chebyshev polynomials (see e.g [36] ). For the sake of the recurrence, initial values of (M n , a n , c n ) for n = 0, 1 are shown in Table 5 for the cases (i) Table 5 . Initial values of (M n , a n , c n ) for n = 0, 1 for recurrence relations
For δ = 1, one has also the remarkable recurrence relation
among all values of M n ∀n ∈ Z + (see Table 7 further in section 7). One has also a similar relation among values of M n and a n for δ > 1 if only those solutions (5.11), (5.12) and (5.14), (5.15) calculated respectively for (X 1 , Y 1 ) = σ 2 , −1 and δ 2 , 0 are considered. If all solutions(M n , a n , c n ) are ordered in increasing value order and indexed by a new index j ∈ Z + , one obtains simply j = n for solutions for δ = 1, and for δ > 1, if there are no fundamental solutions other than (X 1 , Y 1 ) = δ 2 , 0 and σ 2 , ±1 , one obtains j = 2n − 1 for the solutions (5.11) to (5.13) and j = 2n for the solutions (5.14) to (5.16). If fundamental solutions other than (X 1 , Y 1 ) = δ 2 , 0 and σ 2 , ±1 exist, the solutions (M n , a n , c n ) (5.1) to (5.3) calculated with these other fundamental solutions (including for n = 0) have to be inserted accordingly (see example further in Section 7). For δ > 1, if only those value of (M j , a j , c j ) (5.11) and 5.13) and (M j+1 , a j+1 , c j+1 ) (5.14 to 5.16) calculated respectively with (X 1 , Y 1 ) = σ 2 , −1 and δ 2 , 0 are considered, two such sets of solutions are called a "recurrent pair" and obviously, for δ = 1, all sets of (M j , a j , c j ) solutions form "recurrent pairs". The following theorem give other remarkable recurrent relations.
Theorem 5. For ∀δ ∈ Z + , ∃σ, κ, j, a j , M j , c j ∈ Z + with gcd (δ, σ) = 1, κ = (σ/δ) > 1, and such as (2.1) holds, if (M j , a j , c j ) and (M j+1 , a j+1 , c j+1 ) form a "recurrent pair", then
Proof. Let σ, δ, j, n, k, a, M, c ∈ Z + with gcd (δ, σ) = 1, κ = (σ/δ) > 1, and (M n , a n , c n ) solutions of (2.1), yielding (M j , a j , c j ) and (M j+1 , a j+1 , c j+1 ) to be a "recurrent pair" with n = j for δ = 1, and, for δ > 1, n = j or n = j + 1 respectively for (M n , a n , c n ) (5.11) to (5.13) for (X 1 , Y 1 ) = σ 2 , −1 or (5.14) to (5.16) for (X 1 , Y 1 ) = δ 2 , 0 . Then, (i) (6.5) is immediate from (5.8) and (5.9) for δ = 1, and from (5.11), (5.12) and (5.14) for δ > 1.
(ii) (6.6) is immediate from (2.11), (2.13) and (5.4). (iii) For δ = 1, replacing M j+2 by the recurrence relation (6.1) in (6.5) written for M j+2 yields directly (6.7). For δ > 1, in 2κ 2 − 1 M j+1 − 2a j+1 + 1, replacing M j+1 and a j+1 by (5.14) and (5.15) yields
which is M n (5.11). Therefore (6.7) holds for δ ≥ 1. (iv) Summing and subtracting a j+1 and a j extracted respectively from (6.7) and (6.5) yield directly (6.8) and (6.9). (v) (2.3) and (6.6) yield directly (6.10). (vi) Replacing M j from (6.7) in (6.10) and replacing with c j+1 from (6.10) yield directly (6.11) .
This theorem means that once a solution (M n , a n , c n ) has been found for δ > 1 from (5.11) to (5.13) with (X 1 , Y 1 ) = σ 2 , −1 , the other solution (M n , a n , c n ) of the "recurrent pair" can be found directly from (6.5) to (6.11) without having to be calculated from (5.14) to (5.16) for (X 1 , Y 1 ) = δ 2 , 0 .
Summary and Examples
In summary, to find all solutions (M, a, c) such that the sum of M consecutive cubed integers starting from a > 1 equal a squared integer c 2 , the following approach is proposed. 1) Calculate first all solutions for odd integer values of M = (2k + 1) ∀k ∈ Z + by (3.1) to (3.5). Table 6 shows the first ten values of an infinitude of solutions. 2) Second, calculate all solutions for the cases M n = kδ n given by Theorem 3 ∀k, n ∈ Z + either by (3.26), (3.28) , (3.30) in function of Chebyshev polynomials, Table 6 . Values of (M, a, c) for M = (2k + 1) , 1 ≤ k ≤ 10 (3, 23, 204), (5, 118, 2940), (7, 333, 16296) , (9, 716, 57960) , (11, 1315, 159060) , (13, 2178, 368004) , (15, 3353, 754320) , (17, 4888, 1412496) , (19, 6831, 2465820) , (21, 9230 , 4070220) Table 7 . Values of (M n , a n , c n ) for δ = 1, 2 ≤ σ ≤ 5 and 2 ≤ n ≤ 6 σ = 2 σ = 3 or by the recurrence relations (6.1) to (6.3) with (x f , y f ) = (2k + 1) 2 , 0 and the initial values of Table 5 (see Table 3 ).
3) Third, calculate all solutions for the case δ = 1 ∀σ ∈ Z + either by (5.8) to (5.10), or by the recurrence relations (6.1) to (6.3) with (x f , y f ) = σ 2 , 1 and the initial values of Table 5 . Table 7 shows the first five values of the infinitude of solutions for 2 ≤ σ ≤ 5. 4) Fourth, for all other cases with δ > 1, find the fundamental solutions of the simple and generalized Pell equations with D = σ 4 − δ 4 and N = δ 4 for all values of σ ∈ Z + and of δ ∈ Z + such that 1 < δ < σ and gcd (δ, σ) = 1. 4.1) If there are no other fundamental solutions than (X 1 , Y 1 ) = δ 2 , 0 and σ 2 , ±1 , then g = µM/2 (µ ∈ Z + ) and (x f , y f ) = µσ 2 − M , µ ; if g = △ M or △ M−1 , then M 1 = δ 4 − 1 / δ 4 − 2σ 2 + 1 and (5.18) gives (x f , y f ). Then (5.11) to (5.16) yield an infinitude of integer solutions (M n , a n , c n ) ∀n ∈ Z + with (X 1 , Y 1 ) = σ 2 , −1 , δ 2 , 0 . Alternatively, the recurrence relations (6.1) to (6.3) with the initial values of Table 5 or the recurrence relations of Theorem 5 can be used. Solutions have to be ordered then in increasing order of M j . For σ = 3 and δ = 2, g = 120 = △ 15 , D = 65 and N = 16 yielding (x f , y f ) = (129, 16) and only three fundamental solutions (X 1 , Y 1 ) = (4, 0) and (9, ±1) (see [17] ). The first ten solutions are shown in Table 8 for (X 1 , Y 1 ) = (9, −1) and (4, 0), arranged by M j increasing values and with respectively j = 2n − 1 and j = 2n. 4.2) If there are fundamental solutions (X 1 , Y 1 ) = (X * 1 , ±Y * 1 ) other than δ 2 , 0 and σ 2 , ±1 , then (x f , y f ) has to be calculated separately (see [17] ). All integer solutions (M n , a n , c n ) are found by (5.1) to (5.3) for (X 1 , Y 1 ) = (X * 1 , Y * 1 ) ∀n ∈ Z * and by (5.11) to (5.16) for (X 1 , Y 1 ) = σ 2 , −1 , δ 2 , 0 ∀n ∈ Z + . Alternatively, the recurrence relations (6.1) to (6.3) can be used with the initial values of Table 5 . Solutions have to be ordered then in increasing order of M j . Table 8 . Values of (M j , a j , c j ) for δ = 2, σ = 3 with (x f , y f ) = (129, 16) and 1 ≤ n ≤ 5 with j = 2n − 1 and j = 2n respectively for (X 1 , Y 1 ) = (9, −1) and (4, 0)
